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Abstract. A Clifford deformation of a Koszul Frobenius algebra E is a finite dimension-
al Zy-graded algebra F(6), which corresponds to a noncommutative quadric hypersurface
E'/(z) for some central regular element z € E5. It turns out that the bounded derived cat-
egory Db(ng2 E(9)) is equivalent to the stable category of the maximal Cohen-Macaulay
modules over E'/(z) provided that E' is noetherian. As a consequence, E'/(z) is a non-
commutative isolated singularity if and only if the corresponding Clifford deformation E(6)
is a semisimple Zs-graded algebra. The preceding equivalence of triangulated categories
also indicates that Clifford deformations of trivial extensions of a Koszul Frobenius algebra
are related to Knorrer’s periodicity theorem for quadric hypersurfaces. As an application,
we recover Knorrer’s periodicity theorem without using matrix factorizations.

2020 Mathematics Subject Classification: 16537, 16E65, 16G50

Keywords: Koszul Frobenius algebra, Clifford deformation, noncommutative quadric
hypersurface, maximal Cohen-Macaulay module

1 Introduction

Let S be a noetherian Koszul Artin-Schelter regular algebra, and let z € S be a cen-
tral regular element of S. The quotient algebra A = S/(z) is a Koszul Artin-Schelter
Gorenstein algebra, which is usually called a quadric hypersurface algebra. Smith
and Van den Bergh introduced in [20] a finite dimensional algebra C'(A) associated
to the quadric hypersurface algebra A, which determines the representations of the
singularities of A. In particular, the simplicity of C'(A) implies the smoothness of
Proj A (see [20, Proposition 5.2]), where Proj A is the noncommutative projective
scheme (see [2]).
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Let E = S' be the quadratic dual algebra of S. Then E is a Koszul Frobenius
algebra. The dimension of C(A) is equal to that of the even degree part of E (see
[20, Lemma 5.1]). As the key observation of this paper, we notice that C(A) may
be obtained from some Poincaré-Birkhoff-Witt (PBW) deformation of E.

Write the above Koszul Frobenius algebra E as E = T'(V)/(R) for some finite
dimensional vector space V over a field k and R C V®V. Let : R — k be a linear
map. If (0 ®1-1060) (V@ RNR®V) =0, then 0 defines a PBW deformation
E(9) of E (see [15, Proposition 5.1.1]); that is, E(#) is a filtered algebra whose
associated graded algebra is isomorphic to E. We call 8 a Clifford map and E(6)
a Clifford deformation of E (more precisely, see Definition 3.1). The first examples
are classical Clifford algebras, which motivate the name of Clifford deformation.
In fact, if we take E to be the exterior algebra generated by V', then any Clifford
map corresponds to a symmetric bilinear form on V', and the associated Clifford
deformation can realize the classical Clifford algebras (see Example 3.3).

For every Clifford map 6, the algebra F(#) has a natural Zs-graded structure.
Note that every Clifford map € corresponds to a central element z € Sy (see Remark
3.10). It turns out that the degree 0 part E(6)o coincides with the finite dimensional
algebra C(A) if z is regular (see Proposition 5.3). Hence, the structure of E(f) will
determine the representations of singularities of A.

Let gry, E(0) be the category of finite dimensional right Z-graded E(6)-modules.
Let mcm A be the stable category of graded maximal Cohen-Macaulay modules over
A. The main observation of the paper is the following result (cf. Theorem 6.1(iii)).

Theorem 1.1. Let S be a noetherian Koszul Artin-Schelter regular algebra and let
z € Sy be a central regular element. Set A = S/(z) and let E = S' be the quadratic
dual algebra of S. Assume that 0, is the Clifford map corresponding to z. Then
there is an equivalence of triangulated categories D" (grz, F(6.)) = mcm A.

Let gr A be the category of finitely generated right graded A-modules , and tor A
be the full subcategory consisting of finite dimensional ones. Set qgr A = gr A/ tor A
to be the quotient category, which is again an abelian category. If qgr A has finite
global dimension, then A is called a noncommutative isolated singularity (see [21]),
or equivalently, Proj A is smooth (see [20]).

Let S,z and A be as above. Assume gldim(S) > 2. In [20, Proposition 5.2(2)],
Smith and Van den Bergh showed that if C(A) is semisimple, then Proj A is smooth.
Moreover, they showed that the converse is also true in some special case (see [20,
Theorem 5.6]). It is natural to ask whether the converse statement holds true in
general. By applying Theorem 1.1, we have the following result, which essentially
gives an affirmative answer to this question (cf. Theorem 7.3).

Theorem 1.2. Retain the notation of Theorem 1.1 and assume gldim(S) > 2.
Then A is a noncommutative isolated singularity if and only if E(6,) is a semisimple
Zo-graded algebra.

Note that the sufficiency part of the above theorem is essentially a consequence
of [20, Proposition 5.2(2)]. For the necessity part, Smith and Van den Bergh have
also shown a special case, say if S has Hilbert series (1 —¢)~* (see [20, Theorem
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5.6]). In this case the corresponding algebra C'(A) is of dimension 8, and the proof
depends on a detailed analysis of the representations of C(A). We mention that the
method we use to prove the necessity part of Theorem 1.2 is totally different from
that of [20, Theorem 5.6], and our method works for general Koszul Artin-Schelter
regular algebras.

Compared to the algebra C(A) constructed in [20], the Clifford deformations of a
Koszul Frobenius algebra are relatively easy to determine. In particular, when S has
lower global dimension, it is possible to find all the quadric hypersurfaces obtained
from S and determine whether they are isolated singularities or not, by a detailed
analysis on the possible structures of Clifford deformations E(6) (see Section 10).

Another advantage of Clifford deformations is that they can give a new explana-
tion of Knérrer’s periodicity theorem (cf. [7, Theorem 3.1], and the noncommutative
case [4, Theorem 1.7]), at least for quadric hypersurfaces. The methods used in [7]
and in [4] to prove Knérrer’s periodicity theorem are matrix factorizations (more
generally, see [11]). In our observation, Knorrer’s periodicity theorem for quadric
hypersurfaces may be explained by Clifford deformations of trivial extensions of
Koszul Frobenius algebras (see Section 8).

Let E := E @ FE(—1) be the trivial extension of E (precisely, see Section 8).
Then E is also a Koszul Frobenius algebra. A Clifford map 6 of E induces a Clifford

map 0 of E. Iterating the trivial extensions, we obtain a Koszul algebra F and a

Clifford map 6 of E. Assume that the base field k = C. Then we have the following
periodicity property (cf. Proposition 8.9).

Proposition 1.3. There is an equivalence gry, E(f) = gry, £(0) of abelian cate-
gories.

Retain the notation of Theorem 1.1 and assume k is the field of complex num-
bers. A double branched cover of A is defined to be the Artin-Schelter Gorenstein
algebra A# = S[v]/(z + v?) and the second double branched cover of A is defined
to be the Artin-Schelter Gorenstein algebra A## = S[vy,v2]/(z + v? + v3) (see [8,
Chapter 8] and [4]). The above periodicity property of Clifford deformations of it-
erated trivial extensions of Koszul Frobenius algebras implies the following Knorrer
periodicity theorem for noncommutative quadric hypersurfaces (cf. Theorems 9.1
and 9.2). We remark that similar results were also obtained in [12] recently by using
noncommutative matrix factorizations.

Theorem 1.4. Retain the notation as above. Assume that gldim S > 2.
(i) A is a noncommutative isolated singularity if and only if so is A%.
(ii) There is an equivalence of triangulated categories mcm A 22 mem A##.

For a concrete Koszul Artin-Schelter regular algebra S, Clifford deformations of
the quadratic dual E = S' are relatively easy to determine. In the last section, we
give detailed computations of Clifford deformations for the quadratic dual algebra of
a concrete Koszul Artin-Schelter regular algebra S of global dimension 3, and then
we give a list of all the possible noncommutative quadric hypersurfaces associated to
S (up to isomorphism). We also determine whether the obtained noncommutative
hypersurfaces are isolated singularities or not.
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2 Preliminaries

Let k be a field of characteristic zero. A Z-graded algebra A = P, ., An is called
a connected graded algebra if A, = 0 for n < 0 and Ay = k. Let Gr A denote
the category whose objects are right graded A-modules and whose morphisms are
right A-module morphisms that preserve the gradings of modules. Let gr A denote
the full subcategory of Gr A consisting of finitely generated graded A-modules. For
a right graded A-module M and an integer I, we write M(I) for the right graded
A-module whose ith part is M (1); = M;4,.

Define Hom 4 (M, N) = @,., Homg, a(M, N(i)) for right graded A-modules M
and N. Then Hom (M, N) is a Z-graded vector space. Write Ext’, for the ith
derived functor of Hom 4. Hence, Ext’, (M, N) is also a Z-graded vector space for
each 7 > 0. We mention that if A is noetherian and M is finitely generated, then
Ext’y(M,N) = Ext’y(M,N), the usual extension group in the category of right
A-modules.

Definition 2.1. [1] A connected graded algebra A is called an Artin-Schelter
Gorenstein algebra of injective dimension d if

(i) A has finite injective dimension injdim 4 A = injdim A4 = d < oo,
(i) Ext’y(k, A) = 0 for i # d, and Ext% (k, A) = k(1), and
(iii) the left version of (ii) holds.

The number [ is called the Gorenstein parameter. If further, A has finite global
dimension, then A is called an Artin-Schelter regular algebra.

We need the following lemma, which follows from the Rees lemma (see [9, Propo-
sition 3.4(b)]), or the base-change for the spectral sequence [23, Exercise 5.6.3].

Lemma 2.2. Let A be an Artin-Schelter regular algebra of global dimension d with
Gorenstein parameter l. Let z € Ay, be a central regular element of A. Then A/Az
is an Artin-Schelter Gorenstein algebra of injective dimension d— 1 with Gorenstein
parameter [ — k.

A locally finite connected graded algebra A is called a Koszul algebra (see [17])
if the trivial module k4 has a free resolution - -- — P* — ... — Pt — PO » k — 0,
where P™ is a graded free module generated in degree n for each n > 0. Locally
finite means that each A; is of finite dimension. A Koszul algebra is a quadratic
algebra in the sense that A =2 T'(V')/(R), where V is a finite dimensional vector space
and R C V ® V. For a Koszul algebra A, the quadratic dual of A is the quadratic
algebra A' = T(V*)/(R*), where V* is the dual vector space and R+ C V* @ V*
is the orthogonal complement of R. Note that A' is also a Koszul algebra.

A Z-graded finite dimensional algebra F is called a graded Frobenius algebra if
there is an isomorphism of right graded E-modules E 2 E*(I) for some [ € Z, or
equivalently, there is a nondegenerate associative bilinear form (-,-): E x E — k
such that for homogeneous elements ¢ € E; and b € Ej, (a,b) = 0if i +j # [.
We will freely use the following connections between graded Frobenius algebras and
Koszul Artin-Schelter regular algebras.
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Lemma 2.3. [19, Proposition 5.10] Let A be a Koszul algebra and let A' be its
quadratic dual. Then A is Artin-Schelter regular if and only if A' is a graded
Frobenius algebra.

Convention. In this paper, unless otherwise stated, a graded algebra always means
a Z-graded algebra.

3 Clifford Deformations of Koszul Frobenius Algebras

Let V be a finite dimensional vector space and R C V ® V. Now we suppose that
E=T(V)/(R) is a Koszul Frobenius algebra.

Definition 3.1. Let 6: R — k be a linear map. If (A®1-1®60)(V®RNRRV)=0,
then we call 8 a Clifford map of the Koszul Frobenius algebra E, and call the
associative algebra E(0) = T(V)/(r — 0(r) : » € R) the Clifford deformation of E
associated to 6.

We view T'(V') as a filtered algebra with the following filtration: F;T(V') = 0 for
i <0, F;T(V) =3, V® fori>0. The filtration on T(V) induces a filtration

0C FE(0) CFLE(B)C - C FE(0) C - (1)

on E(#) making F(0) a filtered algebra. Let gr E() be the graded algebra associated
to the filtration (1). The next result is a special case of [15, Theorem 5.2.1].

Proposition 3.2. Let E(0) be a Clifford deformation of E. Then gr E(f) = E as
graded algebras.

For later use, we define a linear transformation c¢ of the algebra T'(V') by setting
(V1@ Qup) =Y 0@ RV, QU @+ ®v;_1 for n >2and vy,...,v, €V,
c(v) =wvforallveV,and ¢(1) = 1.

Example 3.3. Let V be a finite dimensional vector space over the field of real
numbers R with a basis {z1,...,z,}. Consider the exterior algebra E = AV. Then
E =T(V)/(R), where R is the subspace of V ® V spanned by z;x; + z,z; (for
simplicity, we omit the notation ®) for all 1 < 4,5 <n. Then V® RNR®V admits
a basis: z? (i = 1,...,n), c(a?z;) fori #j (i, = 1,...n), c(z;zjz8 + T7;28) for
pairwise different triples (¢,7,k) (¢,7,k = 1,...,n). Define a linear map 6: R — k
by setting 8(z2) = —1for 1 <i<p, 0(z?) =1forp+1<i<p+qwithp+q<n,
0(z2) =0 for i > p+q, and O(x;x; +xjx;) = 0 for i # j. Then it is easy to see that
6 is a Clifford map of E, and E(0) is a Clifford deformation of the exterior algebra
AV. In fact, E(0) is isomorphic to the Clifford algebra RP:? (see [16, Proposmon

15.5]) defined by the quadratic form p(z) = 2} + -+ a2 —a2, | — - — a2 .

Example 3.4. Let V=kz®ky and E=T(V)/(R), where R=span{z?, y?, xy —yz}.
Define a map 6: R — k by setting 6(2%) = a, (y?) = b and 0(zy — yx) = 0, where
a, b are arbitrary elements in k. Note that

V@RNR®V =span{z?, y3, 2%y — vyx + ya?, 2y® —yay + 22} CVRVRV.
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Then it is easy to check (A®1—-1®6)(V® RNR®V) = 0. Hence, 6 is a Clifford
map of F and E(0) is a Clifford deformation of E.

Example 3.5. Let V =kz @ ky and let F = AV be the exterior algebra. Then the
generating relations of E are R = span{z?,y? 2y +yz}. Define a map 0: R — k by
setting 0(z?) =a, 0(y?)=b and 0(xy + yx)=c, where a, b, c are arbitrary elements in
k. By Example 3.3, V@ RN R®V =span{z?, y3, 2%y+ayr+yr?, xy®+yzy+y’c}.
It is not hard to check that  is a Clifford map of AV.

Example 3.6. Let V = ka @ ky @ kz, and let £ = T(V)/(R), where R is the
subspace of V ® V spanned by zz — 2z, yz — 2y, 22 — y?, 22, vy, yr. Then F is
a Koszul Frobenius algebra. Indeed, it is the quadratic dual algebra of the Artin-
Schelter regular algebra of type So (see [1, Table 3.11]). One may check that
dim(VORNR®V)=10and V® RNR® V has the following basis:

2 =23 yry=yay, wyr=xyz,

22z —wzx) — (Y22 — yzy) + (222 — 29?)
= —(zzx — 22%) + (y2y — 29%) + (222 — y%2),
(zyz — x2y) + zay = —(x2y — 2z2Yy) + 2Y2,
(2° —2y?) =y = (a® —yPz) — ay?,
(yrz — yzz) + zyx = —(yza — zyx) + yxz,

12?2 — (222 — 2%0) = 220 + (022 — 222),

yz* — (ayz — 2%y) = 2y + (y2° — 2y2),

2?y + (ya? —y%) = ya? + (a%y — ¢),
where the elements on the left-hand side are written as elements in V ® R, and
the elements on the right-hand side in R ® V. Define a map 6: R — k by setting
0(2%) =1, 0(zy) = 1, O(yx) = 1, (2® — y*) = 1 and (others) = 0. It is not hard to
check that 6 is a Clifford map of F, and hence E(0) is a Clifford deformation of E.

The next example shows that not every Koszul Frobenius algebra admits a
nontrivial Clifford deformation.

Example 3.7. Let V=kx ®ky and E=T(V)/(R), R=span{y?, zy +yz, yr + 2°}.
Then E is a Koszul Frobenius algebra, which is the quadratic dual algebra of a
Jordan plane (see [1, Introduction]). The space V ® RN R ® V admits a basis
{3, zy? +yxy + vix, 2y%x + xyr + ya? + yay + 22y, xyz + 23 + 2922 + 2y2?}. Let
0: R — k be a Clifford map defined by 0(y?) = a, 0(zy + yz) = b, 0(yx + 22) = c.
Then the equations (§®1—1®0)(2y?z +xyz +ya® +yry +2%y) = 2ax —by = 0 and
(@1 -1®0)(ryr + 23+ 2y%z + 2y2?) = (2a +b)x — 2cy = 0 imply a = b = ¢ = 0.

Clifford maps of a Koszul Frobenius algebra are corresponding to the central
elements of degree 2 of its quadratic dual algebra. Let E = T(V)/(R) be a Koszul
Frobenius algebra. Let E' = T(V*)/(R*) be the quadratic dual algebra of E. We
may identify R* with E}. The next lemma is a special case of [15, Proposition
5.4.1].
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Lemma 3.8. Retain the notation as above. A linear map 0: R — k is a Clifford
map of E if and only if §, viewed as an element in E}, is a central element of E".

Since Ej = R*, the above lemma shows that the set of the Clifford maps of F
is in one-to-one correspondence with the set of the central elements in FEj.

By Lemma 2.3, every Koszul Frobenius algebra is dual to a Koszul Artin-Schelter
regular algebra. Let S = T'(U)/(R) be a Koszul Artin-Schelter regular algebra, and
let £ :=S"=T(U*)/(R"). Denote by mg: T(U) — S the natural projection map.

Let z € S5 be a central element of S. Pick an element rg € U ® U such that
75(rg) = z. Since R+ C U* ® U*, the element r( defines a map

0.: R* — Lk by 6.(a)=a(r) YVae R (2)
Lemma 3.8 implies the following result.

Lemma 3.9. Retain the notation as above. The map 6,: R+ — k is a Clifford
map of the Koszul Frobenius algebra E = T(U*)/(R%1).

Remark 3.10. Note that the Clifford map 6, is independent of the choice of rg. In
fact, if r{, € U @ U is another element such that wg(r() = z, then for every element
a € Rt one has a(rg) = a(r}). Henceforth, we say that 6, is the Clifford map of
E (= S") corresponding to the central element z.

4 Clifford Deformations as Z,-Graded Frobenius Algebras

Let G be a group and A = @, 4,y a G-graded algebra. Set A™ := P (A4,-1)"
Then A* is a G-graded A-bimodule, whose degree g component is (A,-1)*. Let M
be a left G-graded A-module. For g € G, let M(g) be the left G-graded A-module
whose degree h component M (g)y, is equal to Mpg.

Similarly to Z-graded Frobenius algebras, a G-graded algebra A is called a G-
graded Frobenius algebra (see [5] for instance) if there is an element g € G and an
isomorphism ¢: A — A*(g) of left G-graded A-modules. Equivalently, there is a
homogenous bilinear form (-,-): A x A — k(g) such that (ab,c) = (a,bc), where
k(g) is the G-graded vector space concentrated in degree g~ 1.

Let E =T(V)/(R) be a Koszul Frobenius algebra. Let §: R — k be a Clifford
map of E. We may view the Z-graded algebra T(V) as a Zs-graded algebra by
setting T'(V)o =k @@, V¥** and T(V)1 = P,,», VL.

Consider the Clifford deformation E(0) = T(V)/(r — 6(r) : r € R). Since
R CV ®V, it follows that Ry = span{r — 6(r) | r € R} is a subspace of T'(V)o.
Hence, the ideal (Ry) is homogeneous. Therefore, we have the following observation.

Lemma 4.1. Retain the notation as above. The Clifford deformation E(f) is a
Zo-graded algebra.

Remark 4.2. Note that the filtration (1) induces a homomorphism v : gr E(6) — E
of Z-graded algebras. By Proposition 3.2, 1 is an isomorphism. By the defini-
tion of the Zs-grading of E(f), we observe that dim E(6)y = dim (@izo E»;) and

dim E(9)1 = dim (@iZO E2i+1).
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Assume that the Frobenius algebra FE is of Loevy length n, that is, E,, # 0 and
FE; =0 for all i > n. Since FE is Z-graded Frobenius, dim F,, = 1. Fix a nonzero
map &: B, — k. Let ¢: E(6) — k be the composition of the following maps:

¢: E(0) 2 B(0)/Fyr1E0) -2 B, 5 k, (3)

where F,,_1E(0) is the (n — 1)th part in the filtration (1) and 7 is the projection.
Define a bilinear form (-,-): E(f) x E(f) — k by setting

(a,b) = ¢p(ab)  for all a,b € E(H). (4)

Lemma 4.3. Retain the notation as above. The bilinear form (-,-) is nondegen-
erated, and hence E(0) is a Frobenius algebra.

Proof. For a nonzero element a € E (), assume that a € F;E(0) but a ¢ F;_1 E(9).
Write @ for the corresponding element in F;E(6)/F;_1 E(f). Then @ # 0. Since F is
a Koszul Frobenius algebra, there is an element ' € F,,_; such that ¢(a)b’ # 0. Let
b=vy"YV) € F,_;E(0)/F,_;_1E(0). Pick an element b € F,,_; E(f) corresponding
to the element b € F, ;FE(0)/F,_;_ 1E(#). Then (a,b) = ¢(ab) = &Ym(ab) =
&y(ab) = £((@)y(b)) = E(p(a)t’) # 0. Similarly, there is an element ¢ € FE(6) such
that (c,a) # 0. Hence, (-,-) is nondegenerated. O

Remark 4.4. That E(0) is self-injective follows from a more general theory. In fact,
gr E(0) is a Frobenius algebra; then by [10, Lemma 1.6.11 and Theorem 1.6.12], E(0)
is self-injective. Lemma 4.3 above shows that the bilinear form on E(6) is indeed
inherited from the bilinear form of FE.

Proposition 4.5. Retain the notation as above. The bilinear form defined in (4)
is compatible with the Zs-grading of E(), and hence E(0) is a Zo-graded Frobenius
algebra.

Proof. Assume that the Loevy length of E is n. Note that the filtration (1) is
compatible with the Zo-grading. Then the map ¢ defined by (3) is homogeneous,
that is, ¢: E(0) — k(g), where g € Zs such that g =1 if n is odd, or g =0 if n is
even. Since the (-,-) is the composition of the multiplication of E(#) and the map
@, we get (-,-): E(0) x E(0) — k(g) with g =1if n is odd or ¢ =0 if n is even. O

Recall from the definition of the Zs-grading on E(6) that E () is the quotient
space of k6@, ~, V®?*. Since the generating relations Ry of E(f) are concentrated
in degree 0 part, we may view V as a subspace of E(#);. Hence, each element
a € E(0)y may be written as a = b + k, where b is a sum of products of elements
in V and k € k. Now assume that the Clifford map 6 is nontrivial, and assume
that 6(r) = k # 0 for some r € R C V ® V. Suppose r = 22:1 z; ® y;. Then
Zi‘:l xz;y; = k in E(6)o. Therefore, E(6)g = E(0);E(#)1. In summary, we have
the following result. Recall that a G-graded algebra B = 69960 By is said to be
strongly graded [13] if ByBj, = By, for all g,h € G.

Proposition 4.6. If the Clifford map 0 is nontrivial, then the Zy-graded algebra
E(0) is a strongly graded algebra.
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5 Clifford Deformations from Localizations

Let E be a Koszul Frobenius algebra, and B a graded algebra generated in degree 1.
Assume that B is a graded extension of E by a central regular element of degree 2;
i.e., B is a quadratic graded algebra and there is a central regular element z € Bs
such that E = B/Bz. It follows that the degree 1 part of E and B are equal. Since
E is a Koszul algebra, B is also a Koszul algebra (see [18, Theorem 1.2]).

Assume B=T(V)/(R) with RCV ® V. Let m: T(V) — B be the projection
map. Pick an element ro € V. ® V such that 7(rg) = z. Since E = B/Bz, it follows
that £ =T(V)/(kro + R). Let R’ = kro @ R. Define a map

0: R —k by ro—1, r+—0 forallreR. (5)

Let us check the elements in R ® VNV ® R'. Assume that {ry,...,r:} is a
basis of R. For each element o« € ¥ @ VNV ® R, we have

t t
/ ! ! !
azvo®r0+g Uz‘®7”i=7’0®110+§ T U, V..., Vb V..., € Vo (6)
i=1 i=1

Lemma 5.1. In Equation (6), v = vy.

Proof. Assume that v, = v + u for some u € V. Then by Equation (6) we have
vy ® o + 2221 V; Q1 =10 Q@ Vg + 10 QU+ 2221 r; @ v}. Hence, it follows that
To @Vg — Vo @To+T0 QU= Zﬁzl v Q1 — 22:1 r; ® v}. Since the right-hand side
of the above equation lies in R® V + V ® R, we have the following identity in the
algebra B: 7(rg)m(vg) — 7(vo)m(ro) — w(rg)m(u) = 0. Note that z = m(rg) and z is
a central regular element in B. It follows that 7(u) = 0. Since 7 is injective when
it is restricted to V, it follows that u = 0. O

Lemma 5.2. Retain the above notation. The map 6 in (5) is a Clifford map of E.

Proof. By Lemma 5.1, each element « € V @ R’ N R’ ® V may be written as
o= v0®r0+2521 V; QT = r0®v0+Zf:1 r; @u, for some vg, ..., v, 01, ...,v; € V.
Then it is easy to see that (0 ®1—1® 0)(a) = 0. O

Let R = k(ro — 1) ® R. Then the Clifford deformation of £ may be written
as E(#) = T(V)/(R). Since B = T(V)/(R), we have a natural algebra morphism
f: B — E(0) such that the diagram

T(V) = E(0)

| A

B

commutes, where 7y is the projection map. Then f(z) = f(w(rg)) = mo(ro) = 1.

Note that z is a central regular element of B. Let B[z~!] be the localization of B
by the multiplicative set {1, z,22%,...}. Since f: B — E(f) is an algebra morphism
such that f(z) = 1, it induces an algebra morphism f: B[z~'] — E(6) such that
the diagram
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commutes, where ¢ is the inclusion map. Note that the algebra B[z7!] is a Z-graded
algebra, and F(0) is a Zg-graded algebra. The next result shows that the degree
zero parts B[z~ 1]y and E(f), are isomorphic as algebras, which is motivated by [20,
Lemma 5.1].

Proposition 5.3. The algebra morphism f induces an isomorphism of algebras
Blz" o 22 E(0)o-

Proof. Since z is of degree 2, it follows that B[z~ 1]y = 20 Ba;z~%. Then we have
f(Blz0) = > is0 f(B2i) = E(0)o by the definition of E(#) and the hypothesis

E = B/Bz. Hence, f induces an epimorphism B[z~']y — E(#)o. By Remark
4.2, dim E(6)y = dim (691‘20 E»;). By [20, Lemma 5.1(3)] and its proof, we have
dim B[z71]p = dim (@izo E»;) = dim E(f)o. Hence, the restriction of fto B[z

yields an isomorphism of algebras B[zt =2 E(6)o. O

The structure of E(6)y can be easily determined if the Koszul Frobenius algebra
E has lower dimension (see Section 10 for detailed computations of E(8)o).

6 Noncommutative Quadric Hypersurfaces

Let A be a noetherian Artin-Schelter Gorenstein algebra, and let M be a right
graded A-module. An element m € M is called a torsion element if mA>, = 0
for some n > 0. Let I'(M) be the submodule of M consisting of all the torsion
elements. Since A is noetherian, we get a functor I': gr A — gr A. It is easy to see
' @;mA(A/Azn, —). The ith right derived functor of T is written as R'T.

For a finitely generated right graded A-module M, the depth of M is defined
to be depth(M) = min{i | R'T' (M) # 0}. Assume that injdim 44 = injdim A4 = d.
Then M is called a maximal Cohen-Macaulay (or Gorenstein projective) module if
depth(M) = d. Let mcm A be the subcategory of gr A consisting of all the maximal
Cohen-Macaulay modules. The additive category mcm A is a Frobenius category
with enough projectives and injectives. Let mcm A be the stable category of mem A.
Then mem A is a triangulated category.

Now let S = T(V)/(R) be a Koszul Artin-Schelter regular algebra. Let z € Sy
be a central regular element of S. The quotient algebra A = 5/Sz is usually called
a (noncommutative) quadric hypersurface.

Let mg: T(V) — S be the natural projection map. Pick an element ro € V@V
such that 75(rg) = z. Denote the quadratic dual algebra of S by E = T(V*)/(R™).
Then F is a Koszul Frobenius algebra (see Lemma 2.3). Since A = 5/Sz, it follows
that A =2 T(V)/(kro + R). As before, write R’ for the space krg + R. Note that
kro N R = 0. Then we have V@V = kro® R® R” for some subspace R’ CV V.
Define a linear map
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rg: VeV -—k

by r§(ro) =1 and r§(R) = r§(R") = 0. We view r§ as an element of V* ® V*.

Consider the quadratic dual algebra A' = T(V*)/(R'"). Note that we have
R'™* = (krg)-NR*. On the other hand, R'* +krj = (kro)-NRY +krf = R-. Let
ma: T(V*) = A' be the projection map. Then w := 741 (rg) # 0. We next check
that w is a central element of A'. Note that A} = (R' ®@ V NV ® R')* as vector
spaces. For every « € R @ VNV ® R, by Lemma 5.1, « = vy & rg + Z§=1 ;T =
o @ Vo —i—Zf:lm ® v} for some vy, ..., v, 0),...,v; €V, where ri,...,r; is a basis
of R. Taking an element f € V* = A} we have (fw)(a) = f(vo)rg(ro) = f(vo) and
(wf)(a) = r§(ro) f(vo) = f(vo). Hence, fw = wf for all f € V*. Therefore, w is
a central element. Now it follows that £ = A'/A'w. Moreover, w is also a regular
element of A' (see [20, Lemma 5.1(2)]).

For a Zj-graded algebra B, we write Grz, B (resp., gry, B) for the category of
right Zs-graded modules (resp., finitely generated Zs-graded modules), whose mor-
phisms are degree 0 right Zs-graded morphisms. We arrive at our main observation
of the paper, which is an improvement of [20, Proposition 5.2].

Theorem 6.1. Let S =T(V)/(R) be a noetherian Koszul Artin-Schelter regular
algebra and let E := T(V*)/(R') be the quadratic dual algebra of S. Assume that
2 € Sy is a central regular element of S. Let 6,: R+ — k be the map as defined in
(2). We have the following statements:
(i) 0. is a Clifford map of E, and hence E(6,) is a Clifford deformation of E.
(ii) [20, Lemma 5.1(1)] Let A = S/Sz. Then A is a Koszul Artin-Schelter Goren-
stien algebra.
(iii) There is an equivalence of triangulated categories mem A = DP(gry, E(6.)).

Proof. (i) follows from Lemma 3.9.

(ii) By Lemma 2.2, A is Artin-Schelter Gorenstein. Since S is a Koszul algebra
and z € Sy is a central regular element, A is a Koszul algebra (see [20, Lemma
5.1(1)]).

(iii) Retain the notation as above. The element w = w4 (r{) is a central regular
element of A'. Let A'[w™!] be the localization of A' at w. Then A'lw™!] is a Z-
graded algebra. By [20, Proposition 5.2] there exists an equivalence of triangulated
categories DP(mod A'[w=]y) = mem A. Note that we have R’ = (kro)~NR* and
Rt = R + kr§. Then 0,(R'™") =0 and 6,(rf) = 1. By Proposition 5.3,

A'fw ™o = E(62)o. (7)

So DP(mod A'[w™!]) = D"(mod E(6.)o). By Proposition 4.6, E(f,) is a strongly
Zo-graded algebra. It follows that there is an equivalence of abelian categories
gr, E(6.) = mod E(6.)o (see [13, Theorem 3.1.1]). Thus, mcm A = D (gr,, E(6.))
as triangulated categories. O

7 Noncommutative Quadrics with Isolated Singularities

Let A be a noetherian connected graded algebra. Let tor A be the full subcategory of
gr A consisting of finite dimensional right graded A-modules. The quotient category
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qer A = gr A/tor A is the noncommutative analogue of projective schemes (see
[2, 22]). For M € gr A, we write M for the corresponding object in qgr A. Recall
from [21] that A is called a noncommutative isolated singularity if qgr A has finite
global dimension, that is, there is an integer p such that for any objects M, N
in qgr A, Extélgr A(M,N) =0 for all i > p, or equivalently, the noncommutative
projective scheme Proj A is smooth (see [20]).

Let S be a noetherian Koszul Artin-Schelter regular algebra. Assume that z € So
is a central regular element of S. In this section we investigate when A = S/Sz is
a noncommutative isolated singularity.

Let per A be the triangulated subcategory of DP(gr A) consisting of bounded
complexes of finitely generated right graded projective A-modules. Then we have a
quotient triangulated category Dg;(A) = DP(gr A) /per A.

Since A is Artin-Schelter Gorenstein, there is an equivalence of triangulated
categories [3, Theorem 4.4.1(2)]:

Dg(A) = mem A. (8)

The triangulated category D8 (A) is related to DP(qgr A) by Orlov’s famous de-
composition theorem.

Theorem 7.1. [14, Theorem 2.5] Let A be a noetherian Artin-Schelter Gorenstein
algebra of Gorenstein parameter . Then the following statements hold:
(i) If 1 > 0, then there are fully faithful functors ®;: D& (A) — D"(qgr A) and
semiorthogonal decompositions

Db(qgr A) = <7TA(77; -1+ 1)7 B ”TA(ii)a (I)l(Dqggr;(A)»a

where w: gr A — qgr A is the projection functor.
(ii) IfI < 0, then there are fully faithful functors W;: DP(qgr A) — D% (A) and
semiorthogonal decompositions

DE(A) = (gk(—i), ..., gk(—i+ 1+ 1), ¥;(D"(qgr A))),

where q: D"(gr A) — D8I(A) is the natural projection functor.
(iii) Ifl = 0, then there is an equivalence D& (A) = DP(qgr A).

We have the following special case of Orlov’s theorem.

Lemma 7.2. Let S be a noetherian Koszul Artin-Schelter regular algebra of global
dimension d > 2, and let z € Sy be a central regular element of S. Set A = S/Sz.
Then there is a fully faithful triangle functor ®: mem A — DP(qgr A).

Proof. Since S is a Koszul Artin-Schelter regular algebra of global dimension d,
the Gorenstein parameter of S is equal to d. By Lemma 2.2, A is Artin-Schelter
Gorenstein of injective dimension d — 1 with Gorenstein parameter d — 2 > 0. The
lemma follows from the equivalence (8) and Theorem 7.1(i)(iii). O

Now let S = T(V)/(R) be a noetherian Koszul Artin-Schelter regular algebra
of global dimension d > 2, and E = T(V*)/(R") its quadratic dual. Assume that
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z € S is a central regular element of S. Let E(6,) be the Clifford deformation of
E corresponding to the central element z (cf. Theorem 6.1).

Theorem 7.3. Retain the notation as above. Then A = S/Sz is a noncommutative
isolated singularity if and only if F(6,) is semisimple as a Zs-graded algebra.

Proof. Assume that E(6,) is a Zo-graded semisimple algebra. By Proposition 4.6,
E(0.) is a strongly Zy-graded algebra. Then gry E(f.) = mod E(6.)o as abelian
categories. Hence, F(f,)¢ is a semisimple algebra. By the isomorphism (7) in the
proof of Theorem 6.1, F(6,) = A'[w™ ). Thus, A'[w™']y is semisimple. By [20,
Proposition 5.2(2)], A is a noncommutative isolated singularity.

Conversely, assume that A is a noncommutative isolated singularity. Then qgr A
has finite global dimension. Given objects X,Y € DP(qgr A), there is an integer
p (depending on X and Y') such that Hompp(qer 4)(X,Y[i]) = 0 for i > p. Let
J be the Zs-graded Jacobson radical of E(6,). Write T' for the quotient algebra
E(8,)/J. By Theorem 6.1, there exists an equivalence of triangulated categories
W: D"(gry, E(9.)) — mcm A. Let ®: mem A — DP(qgr A) be the fully faithful
functor in Lemma 7.2. Then there is an integer ¢ such that for ¢ > g,

Exty,, po.) (T.T) = Hompu g, o)) (T, Ti])
= Home(qgrA)(‘l)\I’(T)7 (I)\I/(T)[Z]) =0.

Since E(6,) is finite dimensional, as a right Zs-graded E(6,)-module T is semisim-
ple and each simple right Zs-graded E(6,)-module is a direct summand of T. It
follows that the right Zs-graded E(6,)-module T has finite projective dimension in
grz, £(0.). Hence, the Zs-graded algebra E(6.) has finite global dimension. On the
other hand, F(6,) is a Zs-graded Frobenius algebra by Proposition 4.5. It follows
that E(6,) is semisimple as a Zs-graded algebra. O

Remark 7.4. (i) The sufficiency part of Theorem 7.3 mainly follows from [20, Propo-
sition 5.2]. Observing that E(6,) is strongly Zo-graded, we obtain an abstract proof
of [20, Theorem 5.6].

(ii) Independently, Mori and Ueyama gave another proof of the above theorem
in [12, Theorem 5.4].

8 Clifford Deformations of Trivial Extensions of Koszul Frobenius
Algebras

In this section, we work over the field of complex numbers C. Let Mz(C) be the
matrix algebra of all the 2 x 2-matrices over C. We may view My(C) as a Zg-graded

algebra by setting the degree 0 part to consist of elements of the form (8 2),
0a
b0
graded algebras. The twisting tensor algebra A ® B is a Zo-graded algebra defined as
fOHOWSI (A ® B)o = A0®Bo @Al ®B1, (A ® B)1 = A0®Bl @A1®Bo as a Zz—graded
space; the multiplication is defined as (a1 ® by)(az ® by) = (—1)1111%2l (a1 a5 & b1by),
where b and as are homogeneous elements with degrees |b1| and |as|, respectively.

and degree 1 part to consist of elements of the form ( ) Let A and B be Zo-
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Let G = {1,a} be a group of order 2, and let CG be the group algebra. Then
CG is naturally a Zs-graded algebra by setting |o| = 1 and |1] = 0. Define a linear
map

T: CG&CG — My(C)
by1®1l—>((1)(1)),1®0¢H((1)(1)),a®1»—>(_\9j1‘/?),a®a,_><\/—71 0.

The following lemma is well known and is easy to check.
Lemma 8.1. The map Y is an isomorphism of Z,-graded algebras.

Note that there is an equivalence of abelian categories gr;, My(C) = gry, C,
where C is viewed as a Zs-graded algebra concentrated in degree 0. By the above
lemma we have an equivalence of abelian categories (see also [24, Lemma 4.11])
grz, (CG & CG) = gry, C. We have the following result, which should be well known
for experts.

Lemma 8.2. Let A be a Zo-graded algebra. Then there is an equivalence of abelian
categories gry, (A® CG @ CG) = gry, A.

Proof. This is a direct consequence of [24, Lemma 3.10]. Note that the algebra
is assumed to be finite dimensional in [24, Lemma 3.10], but the result hold for
arbitrary Zs-graded algebras. O

Lemma 8.3. For P € gry, A®CG, P is projective if and only if P is projective
as a Zo-graded A-module.

Proof. Note that A& CG is a Zs-graded projective A-module, and hence each
Zo-graded projective A ® CG-module is projective as a Zs-graded A-module.
Conversely, we suppose that P is projective as a Zs-graded A-module. Let
f: M — N be an epimorphism of Zy-graded A & CG-modules and g: P — N be a
Zo-graded A ® CG-module morphism. Since P is projective as a graded A-module,
there is a graded A-module morphism h: P — M such that fh = g. Define a
morphism h': P — M by h'(p) = 4(h(p) + h(p - a) - a) for all p € P. It is
straightforward to check that A’ is a graded A ® CG-module morphism, and that
fh' = g. Hence, P is projective in gr;, A& CG. O

Let gldimy, A denote the Zy-graded global dimension of A.

Corollary 8.4. gldimy, A = gldim;, A ® CG.
Proof. Let M be a right Zs-graded A ® CG-module. Assume gldimy, A = d < oo.
Suppose that

s P gy 0

is a projective resolution of M in gry, A®CG. Since gldimy, A = d, we see that
Q@ = ker §4_1 is projective as a graded A-module, and hence @ is a projective graded
A ® CG-module by Lemma 8.3. Therefore, gldimy, A ®CG < gldimy, A. Similarly,
we obtain gldimg, A ®CGRCG < gldimg, A®CG. By Lemma 8.2, it follows that
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gldimy, A = gldim;, A& CG & CG. A X

If gldimy, A=o0, we claim gldim;, A ® CG=o0. Indeed, if gldim;, A ® CG < oo,
by the above proof it follows that gldim,, A ®CGRCG < gldimy, A®CG. Thus,
by Lemma 8.2, gldim; A < oo, a contradiction. Hence, the result follows. O

Let E =T(V)/(R) be a Koszul Frobenius algebra, and M a graded E-bimodule.
The trivial extension of E by M is the Z-graded algebra I'(E, M) = E & M with
a multiplication defined by (x1,m)(xz2,n) = (z122, z1n + mas) for z1,29 € E
and m,n € M. Let e be the automorphism of E defined by e(z) = (—1)!*lz for
homogeneous elements z € E. Let . F be the graded E-bimodule with left E-action
twisted by €. Define

E=T(E, E(-1)). (9)

Lemma 8.5. Let E be a Koszul Frobenius algebra. Then F is a Koszul Frobenius
algebra.

Proof. Let S = E'=T(V*)/(R") be the quadratic dual of E. Then S is a Koszul
Artin-Schelter regular algebra by Lemma 2.3. Let S* = S[a] be the polynomial
algebra with coefficients in S. Tt is well known that S? is a Koszul Artin-Schelter
regular algebra. Let Vi = V* @ ka and R = Rt @ span{f®@a—a® | B V*}.
The Koszul algebra S* may be written as S* = T'(V?)/(R?).

By [6, Proposition 2.2], it follows that E is the quadratic dual algebra of S%. By
Lemma 2.3, we know that F is Koszul Frobenius. (|

We may write the trivial extension E by generators and relations. Assume that
V= V @ ky and let R=R&®R ®&ky®y, where R’ =span{z @y +y®x|z c V}.
Then E = T(V)/(R).

Assume that 6: R — k is a Clifford map of E. Define a linear map

6: R— Kk by (10)
O(r)=0(r)forr € R, O(y®y) =1, 0z@y+y®z)=0forzcV. (11)

Lemma 8.6. Retain the notation as above. Then 6 is a Clifford map of the Koszul
Frobenius algebra E, and hence E(f) is a Clifford deformation of E.

Proof. Let {z1,...,2,} be a basis of V. Then {z; @ y +y®@z;|i=1,...,n} is a
basis of R’. We may write

VaR=VeR®VeOR)®(Voyey)dyoR) & yoR)® (kyeyey),
and similarly,
RV=(RV)®R V)dyoyaV)d(Roy)d (R ey)® (ky®y®y).

For an element w € V ® R we may write w = wy +ws + w3 +wy +ws +kyRy Ry
forwi € VR, wy € V®R w3 € Veoyy, wy € y® R, and ws € y @ R'.
Now assume that w is also in R ® V. By comparing the multiplicity of the element
z in the tensor products, we see that w3 € RQV, wo +wy € RV ® R® v,
wstws EYyRyYRV @& R ®y. Assume wy = szzlaijxi@)(xj Qy—y®x;) and
wy =y @Y7 bijz; @ xj. Then
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wytwy = Y 4z @ (2, 0y -y @) +y @ bijw @ x;
i,j=1 i,j=1
n

n n
= Zaw(xz®xj ®y+zz —aiTi @Y + biy @ T;) @ ;.

irj=1 =1i=

Since ws + w4 € '@V ® R® z, we have ijl r o (—air, Qy+biyRa) Q) €
R' ® V. Then a;; = b;; for all i and j, and it follows that

(1 é)(w2 +wy) = 9( Z @ijT; ® wj)@/ = (§® 1)(we + wy).
i,j=1

Similarly, we have (1 ® 0)(ws + ws) = (§ ® 1)(ws + ws). Since 6 is a Clifford map
of E, we get (1® 0)(w;) = (0 ® 1)(w1). Therefore, (1® 0)(w) = (0 ® 1)(w). O

Proposition 8.7. Retain the notation as above. There is an isomorphism of
Zy-graded algebras E(0) = E(0) © CG.

Proof. Note that E(0) = T(V)/(r —0(r):r € R), E(6) = T(V)/(r —0(r):r € R).
Let m: T(V) — E(#) be the projection map. Now we may define a linear map

¢: T(V) = E(0) ©CG by setting ¢(x) = m(z)®1 for € V and ¢(y) = 1®a.

The map ¢ induces an algebra epimorphism ¢: E(60 )) — E(0)&CG. Clearly, ¥
preserves the Zy-grading. Since E(0) ® CG and E(f) have the same dimension as
vector spaces, v is an isomorphism. O

As a special case of Corollary 8.4, we have the following result.
Corollary 8.8. gldimg, E(f) = gldimg, £(0).

We may iterate the above construction. By Lemma 8.5, F is a Koszul Frobenius
algebra, and the trivial extension E of E is again a Koszul Frobenius algebra. The
Clifford map 6 of the Koszul algebra E may be extended to a Clifford map é of E
in the same way as in (10) and (11). Hence, we obtain a Zo-graded algebra E(6).

Proposition 8.9. There is an equivalence gry, E(f) = grz, £(0) of abelian cate-
gories.

Proof. By Proposition 8.7, 57(9:) =~ F() &CG = E() & CG &CG. Now the result
follows from Lemma 8.2. O

9 Knorrer’s Periodicity for Noncommutative Quadrics Revisited

In this section, the base field is assumed to be k = C. Let S = T(V)/(R) be a
noetherian Koszul Artin-Schelter regular algebra of gldim A > 2. Let z € S3 be a
central regular element of S, and set A = S/(z). The double branched cover of A
is defined to be the algebra (cf. [4, 7, 8])

A* = S[v1]/(z + v).



Clifford Deformations of Koszul Frobenius Algebras 79

We write S[v1] = T(U)/(R') with U=V @ kv, and R =R® {v®@uv; —v1®v|v € V}.
Let E = S' be the quadratic dual algebra of S, and E the trivial extension of
E as defined by (9). Then by [6, Proposition 2.2], E is isomorphic to the quadratic
dual algebra S[v;]'.
Denote by mg: T(V) — S the natural projection map. Pick an element ry in
V ® V such that mg(rg) = z. Let 6, be the Clifford map as defined by (2) (see
Lemma 3.9), and E(6,) the Clifford deformation of E associated to 6,.

Let gy, T(U) — S[vi1] be the projection map. Set r# =19+ v; ® v;. Then

#
775[1)1](7”6#) =z+v?. Let 0, be the composition R+ < U @U* 2% k. Since 2 + v?
is a central element, 6. is a Clifford map of E.
The main purpose of this section is to recover Knorrer’s periodicity theorem in
the case of quadric hypersurface singularities. Firstly, we recover [7, Corollary 2.8]
and [4, Theorem 1.6] for quadrics without using matrix factorizations.

Theorem 9.1. Retain the notation as above. Then the algebra A is a noncommu-
tative isolated singularity if and only if so is A%.

Proof. By Theorem 7.3, A (resp., A#) is a noncommutative isolated singularity if
and only if E(6.) (resp., £(0.)) is a Zy-graded semisimple algebra. By Corollary
8.8, E(6,) is a Zy-graded semisimple algebra if and only if so is F(6,). O

The second double branched cover of A is defined to be the algebra
A## = Slvy, va] /(2 + v} +v3).
Let W =V @ kvy @ kvy. Then Sfvy,ve] = T(W)/(R"), where
R'=Re{v@uv—-1 Qv|[veV}d{v®@u—1v@u|ve Ve Clvyy ® va—vy ® v7).
Let gy, v, T(W) — Slv1,v2] be the projection map. Furthermor~e, define

7‘## =179+ v; @ V] + v2 ® vy. Then Ws[vlvw](T##) =z + v} 4+ v3. Let 0. be the
rHH b~ =
composition R+ < W* @ W* - k. Then 6, is a Clifford map associated to E,

which is corresponding to the map obtained in (11).
We recover Knorrer’s periodicity theorem (cf. [7, Theorem 3.1] and [4, Theorem
1.7]) for quadrics as follows, without using matrix factorizations.

Theorem 9.2. Retain the notation as above. Then there is an equivalence of
triangulated categories mem A = mem A## .

Proof. We have equivalences of triangulated categories mem A = DP(gr,, F(6.))

and mem A## =~ DP(gr, E(6.)) by Theorem 6.1(iii). By Proposition 8.9, we get

an equivalence of abelian categories gry, £(0.) = gry, E(6.). The result follows. [J

10 Examples

In this section, we will list all the possible noncommutative quadric hypersurfaces
obtained from an Artin-Schelter regular algebra of type Sy as listed in [1, Table
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3.11]. The key point in computation is the analysis of structures of degree zero part
of Clifford deformations.

Let U be a 3-dimensional vector space with a fixed basis X,Y,Z, and in this
section we assume S = k(X,Y, Z)/(f1, f2, f3), where

f=ZX+XZ, fo=YZ+ZY, f3=X2+4+Y2

The associated algebra S is indeed the Artin-Schelter regular algebra of type Ss as
listed in [1, Table 3.11]. Thus, S is a Koszul algebra of global dimension 3, which
is also a domain.

Let V = U* be the dual space. To simplify the notation, we write z,y, z for the
basis of V dual to X,Y, Z. The quadratic dual E (= S') of S has been computed in
Example 3.6, which is the algebra E = T'(V)/(R), where R is the subspace of V@V
spanned by zz — 2z, yz — zy, 2 — y?, 22, xy, yz. The basis of V@ RN R® V has
been listed in Example 3.6. Now it is easy to check that the only possible nontrivial
Clifford maps are defined as follows:

0: R—k, 0% =a, 0(xy) =0(yz) = B, O(xz* —y?) = \, O(others) =0, (12)

where 0 # (o, 3, ) € k3.
Let C = E(f)¢. Then C is a commutative algebra and has a basis 1,2z, yz, 22.
Write a = 2, b = yz, ¢ = 2. We have the following table of multiplications of C

Table 1
1 a b c
111 a b c
ala ac af Aa + Bb
blb af ac— Ao Ba
c| c Aa+pb Ba e+ B2

We make a detailed analysis of the structures of C' by choosing different scalars
(o, B, ). Since C is 4-dimensional, either C' is semisimple or C'/J is isomorphic to
a product of k, where J is the Jacobson radical of C.

We may assume that « = 1 and 8 = 1 (one may replace z by /az, = by /B,
and y by +/By, if necessary).

Case (i). a # 0, B8 # 0.

By Table 1, the commutative algebra C has the relations a? = ¢, ab = 1,
ac=Xa+0b,b?> =c—\ bc=a, c? = A\c+ 1. One sees that C is generated by a. By
¢ = Ac+ 1, one has C = k[a]/(f), where f = a* — X\a® — 1. If A\ # £2y/—1, then
f does not have multiple roots. Thus, C' = k[a]/(f) = k*. If A = +2/—1, then
f=(a® £/—1)% Tt follows that C = k[u]/(u?) x k[u]/(u?).

Case (ii). a=1,8=0, A=0.

The commutative algebra C has relations a? = ¢, b> = ¢, ab = ac = bc = ¢ = 0.
Then C = ku,v]/(uv, u® — v?) = klu, v]/(u?, v?).

Case (iii). a=1,8=0,A=1.

By Table 1, the commutative algebra C' has relations a® = ¢, ac = a, b> = c— 1,
c® =c,ab=bc=0. Let e}, ez, e3,e4 be the set of complete primitive idempotents
of k*. Then C = k* by setting a + e; — ea, b+ /—1(e3 +e4), ¢ — €1 + ea.

2

2
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Case (iv). a =0, 8 =1.

By Table 1, C has the relations a®> = ab = b®> = 0, ac = da + b, bc = a,
2 =X+ 1. If A =42y/—1, then C = k[u, v]/(u?,v?). The isomorphism is defined
by u a+%b, v C— % Assume \ # +2,/—1. By the identity ¢> —Ac—1 = 0, we
have (¢ — t1)(c — t3) = 0, where t; = AEVATHL V2>‘2+1 and tp = A=Y+ V2>‘2+4. Let p = miil_tz

and ¢ = tlti%tg Then e; = p(c — t1) and es = g(c — t2) are idempotents such that
e1 +ex =1 and ejep = 0. Thus, C = k[u]/(u?) x k[u]/(u?). The isomorphism is
defined by (u,0) = a + A=YATEY (0, ) s q 4 AT,

Case (v). a=0=0,A=1.

By Table 1, one has a®? =ab=bc =b?> =0,ac=aand ¢ =c. Thencand 1 —c
are primitive idempotents. It follows that C = k[u]/(u?) x k[u]/(u?).

Summarizing, we have the following table of all the possible noncommutative
quadric hypersurfaces defined by a central element w € Sy of S (recall that a Clifford
map 6 corresponds to a central element in So; see Lemma 3.8), in which («, 8, ) is
the scalar of the Clifford map as defined in (12).

Table 2

No.| (@8 w C = E©) S”;%‘g“/"gges
1 [(L,L,A#+E2v/—-1) Z°4+ XY +YX 4+ AX? k* isolated
2 (1,1,£2v/—1)  Z*4XY+YX£2/—1X? k[u]/(u?)xk[u]/(u?) nonisolated
3 (1,0,0) zZ? k[u, v]/(u?,v?) nonisolated
4 (1,0,1) 7% 4+ X*? k* isolated
5 (0,1, X # £2y/—1) XY +YX + X2 k[u]/(u?) xXk[u]/(u?) nonisolated
6 (0,1,42/-1) XY +YX +2/-1X2 k[u, v]/(u?,v?) nonisolated
7 (0,0,1) x? k[u]/(u?) xKk[u)/(u?) nonisolated

Note that the noncommutative quadrics Nos. 1 and 4 in Table 2 are isolated
singularities. We remark that the associated Clifford deformations of these two cases
are both isomorphic to CG*#. This is because the associated Clifford deformations
are always strongly Zs-graded and commutative.
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